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a b s t r a c t
The distance spectral radius ρ(G) of a graph G is the largest eigenvalue of the distance
matrix D(G). Recently, many researches proposed the use of ρ(G) as a molecular structure
descriptor of alkanes. In this paper, we introduce general transformations that decrease
distance spectral radius and characterize n-vertex trees with given matching number m
which minimize the distance spectral radius. The extremal tree A(n,m) is a spur, obtained
from the star graph Sn−m+1 with n − m + 1 vertices by attaching a pendent edge to each
of certain m − 1 non-central vertices of Sn−m+1. The resulting trees also minimize the
spectral radius of adjacency matrix, Hosoya index, Wiener index and graph energy in the
same class of trees. In conclusion, we pose a conjecture for the maximal case based on the
computer search among trees on n ≤ 24 vertices. In addition, we found the extremal tree
that uniquely maximizes the distance spectral radius among n-vertex trees with perfect
matching and fixed maximum degree∆.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a connected simple graph with n = |V | vertices. For vertices u, v ∈ V , the distance duv is defined as
the length of the shortest path between u and v in G. The distance matrix D = (duv)u,v∈V is a symmetric real matrix, with
real eigenvalues [5]. The distance spectral radius of G, denoted as ρ(G), is the largest eigenvalue of the distance matrix D(G).
Distance energy DE(G) is a newly introduced molecular graph-based analog of the total pi-electron energy [10], and it
is defined as the sum of the absolute eigenvalues of molecular distance matrix. The distance spectra of trees and unicyclic
graphs has exactly one positive eigenvalue, and therefore the distance energy for trees and unicyclic graphs is equal to the
doubled value of distance spectral radius [2,17],
DE(G) = 2ρ(G). (1)
It is a useful molecular descriptor in QSPRmodeling, as demonstrated by Consonni and Todeschini in [3]. Formore details
on distance matrices and distance energy refer to [18,15,16,21,14,23].
Balaban et al. [1] proposed the use of ρ(G) as a molecular descriptor, while in [11] it was successfully used to infer the
extent of branching and model boiling points of alkanes. Recently in [28] and [27], Zhou and Trinajstić provided upper and
lower bounds for ρ(G) in terms of the number of vertices, Wiener index and Zagreb index. Bapat et al. in [2] showed various
connections between distance matrix D(G) and Laplacian matrix L(G) of a graph. Subhi and Powers in [24] proved that for
n ≥ 3 the path Pn has themaximumdistance spectral radius among trees on n vertices. Stevanović and Ilić in [22] generalized
this result, and proved that among trees with fixed maximum degree ∆, the broom graph has maximal distance spectral
radius. Furthermore, the authors proved that the star Sn is the unique graph with minimal distance spectral radius among
trees on n vertices,
ρ(G) ≥ ρ(Sn) = n− 2+
√
(n− 2)2 + (n− 1). (2)
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Fig. 1. The spur A(13, 6).
Table 1
The distance spectral radius of spurs A(n,m).
n/m 1 2 3 4 5 6 7 8 9 10
4 4.646 5.162
5 6.606 7.459
6 8.583 9.670 10.742
7 10.568 11.828 13.070
8 12.557 13.951 15.321 16.670
9 14.550 16.050 17.521 18.967
10 16.544 18.131 19.685 21.210 22.710
11 18.539 20.200 21.822 23.413 24.977
12 20.536 22.258 23.939 25.587 27.205 28.798
13 22.533 24.308 26.040 27.737 29.403 31.041
14 24.530 26.351 28.129 29.869 31.576 33.256 34.910
15 26.528 28.390 30.207 31.985 33.730 35.446 37.136
16 28.526 30.424 32.276 34.089 35.868 37.617 39.338 41.036
17 30.524 32.454 34.338 36.182 37.991 39.770 41.522 43.248
18 32.523 34.481 36.394 38.266 40.104 41.910 43.688 45.441 47.171
19 34.521 36.506 38.444 40.343 42.206 44.037 45.840 47.618 49.372
20 36.520 38.528 40.490 42.412 44.299 46.154 47.980 49.780 51.557 53.313
A vertex v is matched if it is incident to an edge in the matching; otherwise the vertex is unmatched. A vertex is said to
be perfectly matched if it is matched in all maximummatchings of G. Letm(G) denote the size of a maximummatching in G,
whilemk(G) denotes the number of matchings containing exactly k independent edges, k = 1, 2, . . . ,m(G).
Let Pn be the path with n vertices, and let Sn be the star on n vertices. The eccentricity ε(v) of a vertex v is the maximum
distance from v to any other vertex. Vertices of minimum eccentricity form the center, and a tree T has exactly one or two
adjacent center vertices. We define a tree A(n,m), n ≥ 2m, with n vertices as follows: A(n,m) is obtained from the star
graph Sn−m+1 by attaching a pendent edge to each of certain m − 1 non-central vertices of Sn−m+1. We call A(n,m) a spur
and note that it has anm-matching. The center of A(n,m) is the center of the star Sn−m+1 (Fig. 1).
In Table 1, we present the computational results for the minimal distance spectral radius of trees on n = 4 to n = 20
vertices for every matching number 1 ≤ m ≤ bn/2c.
In [13] the authors proved that if T is n-vertex tree with anm-matching with n ≥ 2m, and T 6= A(n,m), then
λ1(T ) < λ1(A(n,m)) = 12
(√
n−m+ 1− 2√n− 2m+ 1+
√
n−m+ 1+ 2√n− 2m+ 1
)
,
where λ1(T ) is the greatest eigenvalue of adjacency matrix A(T ).
The Hosoya index of a graph is defined as the total number of independent edge sets of G, Z(G) = ∑mk=0mk(G). Hou
in [12] proved that for arbitrary n-vertex tree T with anm-matching holds
Z(T ) ≥ 2m−2(2n− 3m+ 3),
with equality if and only if T is the spur graph A(n,m). In [26] the authors proved that the graph energy E(T ) is minimal
for the graph A(n, n2 ) in the class of trees with n vertices which have perfect matching. Recently, Guo in [9] generalized this
result and found trees with third and fourth minimal energy in the same class of trees. Ou in [19] and [20] obtained various
results concerning Hosoya index for the maximal case.
The Wiener index of G is the sum of distances between all pairs of vertices,
W (G) =
∑
u,v∈V
d(u, v).
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The Wiener index is considered as one of the most oldest and most used topological indices with high correlation with
many physical and chemical properties of molecular compounds (for recent applications of Wiener index see [7]). In [8] the
authors characterized the extremal trees and unicyclic graphs with matching numberm that minimizeW (G).
The paper is organized as follows. In Section 2, we introduce general graph transformations that decrease distance
spectral radius. In Section 3, we recall the linear algorithm for constructing a maximum cardinality matching in a tree and
prove that the spur tree A(n,m)minimizes the distance spectral radius among n-vertex trees with maximum matching m.
In Section 4, we found the extremal tree that uniquely maximizes the distance spectral radius among n-vertex trees with
perfect matching and fixedmaximum degree∆. We conclude the paper in Section 5, by posing a conjecture on the structure
of the extremal tree that maximizes the distance spectral radius.
2. Transformations
Let e = (u, v) be an edge ofG such thatG′ = G−e is also connected, and letD′ be the distancematrix ofG−e. The removal
of e does not introduce shorter paths than the ones in G, and therefore Dij ≤ D′ij for all i, j ∈ V . Moreover, 1 = Duv < D′uv
and by the Perron–Frobenius theorem, we conclude that ρ(G) < ρ(G− e).
Denote with G(v, k) the graph obtained from G by attaching at the vertex v a pendent path P = vv1v2 . . . vk of length k.
Let x0, x1, x2, . . . , xk be the coordinates of the Perron vector for vertices v, v1, v2, . . . , vk respectively, and let S be the sum
of all coordinates. In [22] the authors proved the following formula:
k∑
i=1
xi = x0 · f (k)+ S
ρ
· g(k), (3)
where
f (x) = t(t
2x − 1)
(1+ t2x+1)(t − 1) and g(x) =
t(tx − 1)(tx+1 − 1)
(1+ t2x+1)(t − 1)2 ,
with t = 1+ 1
ρ
+
√
2ρ+1
ρ
being the solution of corresponding recurrent equation. Furthermore, the functions f (x) and g(x)
are monotonically increasing.
According to relation (2), for n > 4 the distance spectral radius is greater than
ρ ≥ 3+√13 > 6.
Using these results, Stevanović and Ilić proved the following
Theorem 2.1 ([22]). Let w be a vertex of the nontrivial connected graph G and for nonnegative integers p and q, let G(p, q) denote
the graph obtained from G by attaching pendent paths P = wv1v2 . . . vp and Q = wu1u2 . . . uq of lengths p and q, respectively,
at w. If p ≥ q ≥ 1, then
ρ(G(p, q)) < ρ(G(p+ 1, q− 1)).
Let T be an arbitrary tree and let v be a vertex with degree p + q + 1. Suppose that w is a parent of v and that there
are p paths P3 (two additional vertices) and q paths P2 (pendent edges) attached at v. We form two trees T ′ and T ′′ in the
following way (see Figs. 2 and 3): T ′ has p pendent paths P3 and q + 1 pendent paths P2 attached at w, while T ′′ has p + 1
pendent paths P3 and q − 1 pendent paths P2 attached at w. Let G be the maximal subtree of T rooted at w, that does not
contain vertex v. We will show that if G is a nontrivial graph, then ρ(T ) > ρ(T ′), and if G has a pendent path P3 attached at
some vertex u ∈ G, or at least three pendent vertices, then ρ(T ) > ρ(T ′′). The special case in Fig. 4 is treated separately.
Let x be the Perron eigenvector corresponding to the spectral radius ρ of T , and let S be the sum of all coordinates of the
eigenvector x. For an arbitrary bridge uv, the following identity holds [22]
ρ(xu − xv) = Sv − Su = S − 2Su,
where Su denotes the sumof all coordinates of the Perron vector in the componentwith vertex u, after removing the edge uv.
We will use Rayleigh quotient inequality for the largest eigenvalue [5]
ρ ≥ x
TDx
xT x
=
2
∑
i<j
xixjdij
n∑
i=1
x2i
,
with equality if and only if x is the eigenvector corresponding to the largest eigenvalue of D.
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Fig. 2. Tree T and transformed tree T ′ .
Fig. 3. Tree T and transformed tree T ′′ .
2.1. Transformed tree T ′
Let x be the Perron eigenvector corresponding to the spectral radiusρ ′ of the tree T ′, and let S be the sumof all coordinates
of the eigenvector x. Using a symmetry, we can denote the coordinates of the Perron vector corresponding to vertices not in
Gwith a, b, c, d as shown in Fig. 2. After transformation T 7→ T ′, the distances from the vertices with the Perron coordinates
a, b and c (except v) to all vertices from G decreased by one, while the distances from v to all vertices not in G increased by
one. Denote with S ′ the sum of Perron coordinates of vertices not in G, S ′ = p(a+ b)+ (q+ 1)c. Since there is at least one
pendent vertex attached atw in T ′, it follows that S ′ > c. If S > S ′ + c , using the Rayleigh quotient we have
ρ ≥ x
TDx
xT x
= x
TD′x+ 2(S − S ′)(S ′ − c)− 2c(S ′ − c)
xT x
= x
TD′x+ 2(S ′ − c)(S − S ′ − c)
xT x
>
xTD′x
xT x
= ρ ′.
Now assume that S ≤ S ′ + c . We will find one vertex from G with the Perron coordinate e > d that has at least one
attached pendent vertex. For every edge uu′ in G, such that u′ is further fromw than u in T ′, we have
ρ ′(xu′ − xu) = Su − Su′ = 2Su − S ≥ 2(S ′ + d)− (S ′ + c) = S ′ + 2d− c > 0
and finally xu′ > xu. This means that all vertices in G have greater Perron coordinates than d. For an arbitrary pendent vertex
u′ and its only neighbor u in Gwe have
xu′ = S + ρ
′xu
ρ ′ + 2 >
S + ρ ′d
ρ ′ + 2 = c,
which is a contradiction, since S ≥ S ′ + d+ xu′ > S ′ + c .
2.2. Transformed tree T ′′
Let x be the Perron eigenvector corresponding to the spectral radius ρ ′′ of the tree T ′′, and let S be the sum of all
coordinates of the eigenvector x. Again, using a symmetry we can denote the coordinates of Perron vector with a, b, c, d
as shown in Fig. 3. After transformation T 7→ T ′′, the distances from vertices with Perron coordinates a, b and c to all
vertices from G decreased by one, except for the vertices v and v′, while the distances from v and v′ to all vertices not in G
increased by one. Denote with S ′′ the sum of Perron coordinates of vertices not in G, S ′′ = (p+ 1)(a+ b)+ (q− 1)c. Since
there is at least one pendent path P3 attached at w in T ′′, it follows that S ′′ > a + b. If S > S ′′ + a + b, using the Rayleigh
quotient we have
ρ ≥ x
TDx
xT x
= x
TD′′x+ 2(S − S ′′)(S ′′ − a− b)− 2(a+ b)(S ′′ − a− b)
xT x
= x
TD′′x+ 2(S ′′ − a− b)(S − S ′′ − a− b)
xT x
>
xTD′′x
xT x
= ρ ′′.
Assume that S ≤ S ′′ + a+ b. For every edge uu′ in G, such that u′ is further fromw than u in T ′, we have
ρ ′′(xu′ − xu) = Su − Su′ = 2Su − S ≥ 2(S ′′ + d)− (S ′′ + a+ b) = S ′′ + 2d− a− b > 0
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Fig. 4. Special case — trees T and T ∗ .
and finally xu′ > xu. This means that all vertices in G have greater coordinates than d. For arbitrary pendent path P3 attached
at u in G, we have
xu · f (2)+ S
ρ ′′
· g(2) > d · f (2)+ S
ρ ′′
· g(2) = a+ b,
which is a contradiction, since S ≥ S ′′ + d + a + b. Therefore, the inequality ρ(T ) > ρ(T ′′) holds — if there is at least one
vertex u from G, with a pendent path P3 attached at u. Assume now that there are at least three pendent vertices in G. Using
the software package Wolfram MATHEMATICA [25], it follows
f (1) = g(1) = ρ
ρ + 2
and
f (2) = 2ρ(ρ + 1)
ρ2 + 6ρ + 4 and g(2) =
ρ(3ρ + 2)
ρ2 + 6ρ + 4 .
For n > 4, it follows ρ > 6. By simple manipulations, we get f (2) < 2 · f (1) and 2 · g(1) < g(2) < 3 · g(1). Since xu > d,
3
(
xu · f (1)+ S
ρ ′′
· g(1)
)
> d · f (2)+ S
ρ ′′
· g(2) = a+ b,
which is a contradiction. Finally, we are left with the case when there are exactly two pendent vertices with the same
neighbor in G.
2.3. Special case
Let T and T ∗ be the trees depicted in Fig. 4 and let x be the Perron eigenvector corresponding to the spectral radius ρ∗ of
the tree T ∗. Notice that trees T and T ∗ have the same matching numberm = b n2c − 1 for n ≥ 10.
Using a symmetry, we have xk = xn+1−k, k = 1, 2, . . . , n. After transformation, the distances between vertices on the
long path remain the same, while for two pendent vertices with Perron’s coordinates x1 = xn, we have
ρ >
xTDx
xT x
=
xTD∗x+ 2x1
(
−2x2 − 2x3 + 2
n−1∑
k=5
xk
)
+ 2xn
(
−2xn−1 − 2xn−2 +
n−4∑
k=2
xk
)
+ 2 · 4x1xn
xT x
=
xTD∗x+ 8x1xn + 4(x1 + xn) ·
n−4∑
k=5
xk + 4x1xn−3 + 4xnx4
xT x
>
xTD∗x
xT x
= ρ∗.
This means that ρ(T ) > ρ(T ∗) for n ≥ 10.
By direct verification with Wolfram MATHEMATICA, it follows ρ(T ) > ρ(A(n, b n2c − 1)) for 6 ≤ n ≤ 9.
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3. Trees with fixed matching number
The linear algorithm for constructing a matching of maximum cardinality in the tree T is greedy and based on
mathematical induction. Namely, take an arbitrary pendent vertex v and match it to its parent w. Remove both vertices
from the tree and solve the resulting problem by induction. For more implementation details and different approaches of
constructingmaximalmatching in graphs see [4]. It is easy to prove that a perfectmatching of a tree is uniquewhen it exists.
Assume that there is a pendent path of length p > 2 attached at vertex v in the tree T . We can consider new tree T c that
has two pendent paths attached at v, with lengths 2 and p−2. Thematching number of trees T and T c is the same according
to the described algorithm, since we can remove an arbitrary pendent edge from the tree at any step. Using Theorem 2.1, it
follows ρ(T ) > ρ(T c). Therefore, we can assume that all pendent paths have length one or two.
We will prove that using transformations T 7→ T ′, T 7→ T ′′ and T 7→ T ∗, the matching number can be invariant. We will
use the same notations as in Section 2. Let v be a vertex with degree p+ q+1. Suppose thatw is a parent of v and that there
are p paths P3 and q paths P2 attached at v.
If q = 0, then it followsm(T ′) = m(T ), while ρ(T ′) < ρ(T ).
If the vertexw is not perfectly matched, there exists a matchingM of maximum cardinality, such that no edge fromM is
incident tow. It follows that
m(T ′) = m(G \ {w})+ p+ 1 = m(G)+ p+ 1 = m(T ).
If the vertexw is perfectly matched and q > 0, for every matchingM of maximum cardinality, there exists an edge from
M incident tow (this edge is not vw). Obviously,
m(T ′′) = m(G)+ p+ 1 = m(T ).
We can now prove the main result of this section.
Theorem 3.1. Let T be an arbitrary tree on n ≥ 4 vertices with the matching number 1 ≤ m ≤ bn/2c. Then,
ρ(T ) ≥ ρ(A(n,m)),
with equality if and only if T ∼= A(n,m).
Proof. If T contains only one branching vertex with degree greater than two, we can apply transformation described above
at that vertex and decrease distance spectral radius. Finally, all pendent paths will have lengths one or two, and the spur
A(n,m) is the only such tree with matching numberm.
Therefore, assume that there are at least two branching vertices. Let v and u be two branching vertices that are furthest
from a center vertex of T . Since only pendent paths of the length one and two are attached at v and u, we can assume that
the number of pendent paths of length two attached at v is less than or equal to the number of pendent paths of length two
attached at u (in the case of a tie, the number of pendent vertices attached at v is less than or equal to the number of pendent
vertices attached at u). If the parent of vertex v is not perfectly matched in T or there are no pendent vertices attached at
v, we can apply transformation to get T ′ with matching number m and decrease the distance spectral radius. If the parent
of vertex v is perfectly matched in T and there are at least five pendent vertices or one pendent path of length two in T ,
we can apply transformation to get T ′′ with matching number m and decrease the distance spectral radius. Otherwise by
symmetry, the tree T contains exactly four pendent vertices andwe can apply transformation from the special case to get T ∗
and decrease the distance spectral radius. By further application of this algorithm, we finally get that A(n,m) is the unique
tree with minimal distance spectral radius among trees with matching numberm. 
We can apply the transformation from Theorem 2.1 at the center vertex of A(n,m) to obtain A(n,m + 1), and decrease
distance spectral radius. Thus, we get the chain of inequalities
ρ(Sn) ≡ ρ(A(n, 1)) < ρ(A(n, 2)) < · · · < ρ(A(n, bn/2c)).
Using relation (1) for trees, it follows
Corollary 3.2. Among n-vertex trees with matching number m, the spur tree A(n,m)minimizes the distance energy.
The independence number of a graph G, denoted by α(G), is the size of a maximum independent set of G. Since in
any bipartite graph, the sum of the independence number of G and the matching number of G is equal to the number of
vertices [4], we have
Corollary 3.3. Among trees on n vertices and with independence number α, A(n, n − α) is the unique tree that has minimal
distance spectral radius.
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4. Trees with perfect matchings
Assume that T is a tree with a perfect matching M . For every vertex v, consider the subtrees T1, T2, . . . , Tk rooted at
vertices v1, v2, . . . , vk, that are neighbors of v. At most one of the numbers |T1|, |T2|, . . . , |Tk| can be an odd. If there are two
trees Ti and Tj having odd number of vertices, after removing all edges of Ti and Tj, there will be two pendent edges attached
at v – which is in contradiction with the uniqueness ofM .
The ∆-starlike tree T (n1, n2, . . . , n∆) is a tree composed of the root vertex v, and the paths P1, P2, . . . , P∆ of lengths
n1, n2, . . . , n∆ attached at v. Therefore, the number of vertices of a tree T (n1, n2, . . . , n∆) equals n = n1+n2+· · ·+n∆+1.
Let B(n,∆) be a∆-starlike tree T (1, n− 2∆+ 2, 2, 2, . . . , 2) consisting of a central vertex v, one pendent edge attached at
v, one pendent path of length n− 2∆+ 2 and∆− 2 pendent paths of length 2 attached at v.
Theorem 4.1. Among treeswith perfectmatching andmaximumdegree∆, the tree B(n,∆) hasmaximal distance spectral radius.
Proof. Let T be an arbitrary tree with perfect matching and let v be a vertex of degree ∆. Assume that T1, T2, . . . , T∆ are
subtrees rooted at the neighbors of v. Using Theorem 2.1, we transform every tree Ti into a pendent path attached at v —
while increasing the distance spectral radius and keeping the perfect matching. Since the number of vertices is even, there
exists exactly one tree with an odd number of vertices. Assume that T1 has odd number of vertices, while all other trees have
the even number of vertices. We can apply similar transformation as described in Theorem 2.1, but only insteadmoving one
edge — we can move two edges, in order to keep the size of a maximummatching. If p ≥ q ≥ 2, then
ρ(G(p, q)) < ρ(G(p+ 2, q− 2)).
Therefore, using this transformation we further increase the distance spectral radius and reduce the size of the tree T1 to
one, while the trees T2, T3, . . . , T∆−1 become the pendent paths of length two attached at v, leaving the tree T∆ with length
n− 2∆+ 2. Finally, we conclude that B(n,∆) is the unique n-vertex tree with the perfect matching and maximum degree
∆ having maximal distance spectral radius. 
5. Concluding remarks
We proved that A(n,m) is the unique graph that minimizes distance spectral radius among graphs on n vertices with
given matching number m. It is natural to solve the opposite problem and describe n-vertex graphs and trees with fixed
matching number with maximal distance spectral radius.
The dumbbell D(n, a, b) consists of the path Pn−a−b together with a independent vertices adjacent to one pendent vertex
of P and b independent vertices adjacent to the other pendent vertex. In [6] it is shown that
W (T ) ≤ W
(
D
(
n,
⌈
n+ 1
2
⌉
−m,
⌊
n+ 1
2
⌋
−m
))
,
with equality if and only if G ∼= D(n, d n+12 e −m, b n+12 c −m). Based on the computer results for trees up to 24 vertices, and
great correlation between the Wiener index and distance spectral radius of trees, we pose the following
Conjecture 5.1. Among trees on n vertices and matching number m, the dumbbell D(n, d n+12 e − m, b n+12 c − m) is the unique
tree that maximizes the distance spectral radius.
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